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Elastomeric properties of end-linked networks of high cross-link functionality. 
Accounting for possible changes in effective functionality 
with extent of reaction and chain-length distribution 
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Abstract: This study reanalyzes some elastomeric properties in elongation 
reported for poly(dimethylsiloxane) (PDMS) networks of high cross-link func- 
tionality which had been prepared by using multifunctional siloxane oligomers 
to end link vinyl-terminated PDMS chains. The extent of reaction of the vinyl 
end groups Pvi spanned the range of 0.40 to 0.95. These networks had elonga- 
tion moduli that significantly exceeded the values predicted by the 
Flory-Erman theory, except at very low values of Pvi. Trends in their stress- 
strain isotherms, as characterized by the Moone~Rivlin constants 2Cz and the 
ratio 2C2/Ci, also appeared to be different from those predicted by theory. 
Neglected in such standard analyses, however, was the fact that the segments 
between cross-links along the junction precursor molecules can themselves act 
as short network chains, contributing to the modulus and giving a strongly 
bimodal distribution of both network chain lengths and cross-link functional- 
ities. Of particular interest is the apparent change in functionality with extent of 
reaction and chain length distribution. The results thus obtained do suggest 
strong dependence of the observed values of the phantom modulus on the 
network chain-length distribution, particularly at very small values of the ratio 
of the length of the short chains to the long ones. Calculations based on 
recognition of these complications can be used to characterize more realistically 
the deformation of such networks. The results give much better agreement with 
experiment. Such behavior could be an important characteristic of elastomeric 
networks in general. 

Also, a preliminary attempt was made to bridge theory with experiment 
based on Kloczkowski, Mark, and Erman's recent theory of fluctuations of 
junctions in regular bimodal networks. The agreement between theory and 
experiment thus obtained is rather satisfactory and lends further support to 
assumptions that take into account the possibly bimodal nature of these 
high-functionality networks. 
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Introduction 

Po lys i loxane  n e t w o r k s  of  h igh  j unc t i on  func- 
t iona l i ty  ~b can  be p r e p a r e d  by  end  l inking c~,co- 

divinyl  po ly(d imethy ls i loxane)  ( P D M S )  using the  
react ive  Si -H g roups  in po ly (hydrome thy l s i l -  
oxane)  [ - S i H ( C H 3 ) O - ] x .  E a c h  h y d r o g e n  a t o m  on  
one  of  these silicon a t o m s  can  po ten t i a l ly  a d d  to 
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one of the vinyl end groups. Such networks have 
been prepared and their elastomeric properties 
reported in the literature [-1-7]. They have been 
formed using various stoichiometries, specifically 
differing values of the molar ratio r of Si-H groups 
to vinyl end groups. Networks with high extents 
of vinyl group reaction (Pvi > 0.9) were prepared 
by having r slightly greater than unity 
(i. e., excess Si-H groups). One of these studies [6] 
dealt with high-functionality networks formed 
such that Pvi covered a wide range of values, from 
0.40 to 0.95. This was achieved by having r < 1, 
under which conditions the end-linking reaction 
does not go to completion. 

It is possible to use the recent molecular theory 
of Flory and Erman [8-12] to interpret and even 
predict the properties of such high-functionality 
networks, particularly with regard to several im- 
portant results. The most interesting of these is the 
observation that the small-strain and large-strain 
moduli exceeded the values predicted from the 
expected junction functionality ~b and the junction 
concentration [1-7]. Another interesting observa- 
tion pertains to the effect of junction functionality 
on the magnitude of the junction fluctuations. 
According to the Flory-Erman theory [8-12], 
junctions of high functionality are severely en- 
tangled by neighboring chains, and this makes 
their displacement under deformation very nearly 
affine (linear) in the strain. This should greatly 
affect the empirical Mooney-Rivlin 2C2 constant 
(which represents the decrease in modulus result- 
ing from the deformation becoming progressively 
non-affine with increased elongation). Specifically, 
the chain-junction entangling prevents the defor- 
mation from becoming non-affine, and thus 2C2 is 
predicted to be very small (asymptotically ap- 
proaching zero with increase in qS). The reported 
values of 2C2, however, were relatively large, even 
for 4) > 30 [-1-7]. 

In most of these studies [2-6], attention was 
focused only on the small-strain modulus, where 
the deformation is most likely to be near the affine 
limit. The increases in the small-strain modulus 
over the values predicted by theory for such net- 
works were attributed to contributions from 
inter-chain (trapped) entanglements [2-6]. Re- 
cently, however, the present authors [12-14] sug- 
gested an alternative interpretation which focuses 
on the short chain segments between the cross- 
linking points along the junction precursor mol- 

ecules. It was suggested that such segments can 
act as short network chains, thus contributing to 
the modulus and giving strongly bimodal distri- 
butions of network chain lengths. The unusual 
connectivity of such short chains to the rest of the 
network can possibly give a bimodal distribution 
of cross-link functionalities as well [12-14]. Re- 
examination of some of the published results on 
such networks in which the extent of reaction 
Pvi was high, greater than 0.9, gave much better 
agreement between experiment and theory [13]. 
More specifically, consideration of the possibly 
bimodal nature of these high-functionality net- 
works provided a reasonable explanation of their 
unexpectedly high values of the modulus [12, 13]. 
This revised interpretation also explained the ob- 
servations that the empirical constant 2C2 was 
not as small as expected. The expected sup- 
pression of junction fluctuations by the large 
amounts of entangling around the high-function- 
ality junctions was apparently offset by decrease 
in entangling resulting from the low functionality 
of the junctions to which these short chains are 
attached, and because of the reduced interpenet- 
ration associated with short chains in general 
[8-10]. 

Additional complications in such networks are 
possible changes in the effective cross-link fun- 
tionality with elongation. At low extents of reac- 
tion, an end-linking molecule would have only 
some of its Si-H groups reacted and could act as 
a sequence of trifunctional junctions at low defor- 
mation. At high extents of reaction, however, 
these segments would be very short and could be 
stretched out sufficiently at high elongations to 
make the end-linking molecule act as a single 
high-functionality junction. Thus, the effective 
functionality could depend on extent of deforma- 
tion as well as extent of reaction. 

There is thus particular interest in the particu- 
lar experimental study (6) in which networks were 
intentionally prepared so as to cover a wide range 
of extent of reaction, specifically Pvl ~ 0.40-0.95. 
The extent of reaction should affect the numbers 
and lengths of the short chains introduced from 
the end-linking molecules, and also the effective 
functionalities they impose on junctions to which 
the long chains are connected. The present inves- 
tigation therefore re-examines these experimental 
results, in a manner accounting for these addi- 
tional possible complications. 
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Fig. 1. Sketches showing parts of a high-functionality net- 
work in the undeformed state and in elongation. Portion (a) 
shows the undeformed network, with chains coming from the 
long vinyl-terminated polymer shown as thin lines, and the 
short chains coming from segments of the end-linking mol- 
ecules as thick lines. In all the sketches the dots represent 
cross links and the functionality q5 s sensed by the short chains 
is always three. Portion (b) illustrates the effect of elongation 
on the junction functionality ~b L sensed by the long chains in 
the case of very high extents of reaction. The stretching out of 
the very short chains makes the entire end-linking molecule 
now act as one junction of very high functionality. Sketch (c) 
shows the absence of such a change in q5 e in the case of lower 
extents of reaction. The chains contributed by the end-link- 
ing molecule are now insufficiently short for the end-linking 
molecule to act as anything other than a series of trifunc- 
tional junctions, even at high elongations 

Structural considerations 

Some of the largest improvements in properties 
of networks intentionally made to be bimodal 
occur when the short chains consist of only about 

a half-dozen skeletal bonds, and the lengths for 
maximum effect could even be smaller [12-17], 
Such short chains would in effect always be at- 
tached to trifunctional junctions (qS~ = 3), as is 
illustrated in part  (a) of Fig. 1. As was pointed out 
previously, 2v of these short chains would be 
generated by the v long chains present in the 
network [12, 13]. The long chains would also 
sense the junctions at their ends to be trifunctional 
(~bL = 3), except in the case of high extents of 
reaction and high elongations. Under  these condi- 
tions, illustrated in part  (b) of Fig. 1, the chains 
coming from the end-linking molecules would be 
so short that the high elongations would extend 
them to the point that the end-linking molecule 
would act as a single junction of high functional- 
ity. At lower extents of reaction, illustrated in part  
(c), these chains would probably not  be short 
enough for this to occur. 

Elasticity equations 

For  any type of elastomeric network, the re- 
duced stress or modulus in elongation is defined 
by (10) 

I f *  ] = f u~ /3 / [A*(c~  - c~- 2)]  . (1) 

In these equat ions , f  is the equilibrium value of the 
force, A* the undeformed cross sectional area, 

the relative length (elongation) of the sample, 
and Uz the volume fraction of polymer during the 
stress-strain measurements. 

For  an affine deformation, the modulus is given 
by the relationship [8-10-] 

[ f*]ar f  = vRTU2/c  a , (2) 

where v is the number  density of elastically-effec- 
tive chains, R the gas constant, T the absolute 
temperature, and Uzc the volume fraction of poly- 
mer chains in the system being cross-linked that 
were successfully incorporated in the network 
structure. 

In this connection, it is essential to note here 
that the identification of the effective chain den- 
sity v (relevant to rubber elasticity theory) with the 
active chain density v, is an approximation that 
should be proper for the networks of high func- 
tionality being considered [22]. 
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In the phantom network, which is approached 
experimentally at high elongations, the chains are 
assumed to be devoid of material properties, i. e., 
that they can move freely through one another 
[8-10, 18-22]. The mean positions of the junc- 
tions are affine in the strain, but the fluctuations 
about the mean positions are invariant with 
strain. The modulus is given by [8-10, 8-22] 

[f*]ph ~ RT02/3  = 2 c  , ( 3 )  

where [18-22] 

= v , -  #a = v -  # (4) 

is the cycle rank of the network, #a is the number 
density of the elastically-active junctions, and 
v and # are the number density of elastically- 
effective chains and junctions, respectively. For 
a perfect network having functionally qS, the cycle 
rank is expressed as [18-22] 

( 5 )  

where the front factor would be A, = 

Finally, in a perfect network, the number of active 
junctions #a is given by [18-22] 

# = # a  = (2/q~)Va = [2/(~b - 2)]4. (6) 

Therefore, values of the phantom modulus are 
based only on contributions from active chemical 
(covalent) crosslinks. 

The role of connectivity in the phantom net- 
work is of great importance. As discussed by 
Graessley [18-21], the cycle rank of a network is 
the number of cuts required to reduce it to 
a spanning tree (free of cyclics). This would mean 
that the cycle rank depends only on the number of 
active chains Va and the junction functionality ~b, 
and is totally independent of the chain-length 
distribution. It is to be noted here that Graessley 
later modified this expression to [21] 

~--- V a - -  h#a = (1 - 2h/d?)Va, (7) 

(with h being an adjustable parameter between 
0 and 1) to take into account trapped interchain 
entanglements. A consequence of this equation is 
that the phantom modulus would have values 
different from those predicted by the density of the 
chemical crosslinks. In other words, this equation 
yields values of the front factor (1 - 2h/d?) that 

are generally higher than the value (1 - 2/~b) for 
an idealized phantom network. 

These equations can be directly applied to the 
high-functionality networks in the most compli- 
cated case: high elongations of networks which 
have very short chains by virtue of their high 
extents of reaction. As already described, they 
could now have bimodal distributions of cross- 
link functionality, as well as of network chain 
lengths. If the short chains are considered to be 
elastically effective and their connectivity to the 
long ones is taken into account, the modulus in 
the phantom limit would then be [12-14] 

[ f*  ]ph = [ f*  ]L + [ f*  IS = (V, -- I~a)RT 

+ (1  - -  2/OS)2VaRT 

= ( V a  - -  IAa) RT02/3 + (2/3)Va RT'2/3" ( 8 )  

It is obvious that the functionality ~bs associated 
with the short chains (S) is always three. The 
average functionality q~L associated with the 
long chains (L) is presumably 8 or larger [1-7]. 
In any case, in the limit of very high functionality 
the number of elastically-active junctions would 
be very small. Consequently, one obtains 
[12-14] 

[ /*  ]ph = (5/3)vaRTU~/c 3 .  (9) 

The effective value of I f*  ]ph is thus larger than 
what would be expected from network topo- 
logical considerations alone [8-13, 18-22]. 
Consequently, this result is at variance with con- 
siderations discussed above which require preser- 
vation of the cycle rank regardless of the network 
chain-length distribution or any changes in the 
effective functionality of the long network chains. 
However, this expected invariance is in disagree- 
ment with a great deal of experimental evidence. 
The relevant experiments have shown that the 
elastomerie properties for bimodal networks are 
dependent on the mole fraction of the short chains 
present in the network as well as the ratio of 
lengths of the short chains to the long ones 
[12-17]. More specifically, bimodal networks can 
have moduli significantly larger than those having 
unimodal distributions with the same average 
molecular weights between junctions. 

In the treatments ignoring the presence of the 
short chains and their connectivity to the long 
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ones, the phantom modulus in the limit of high 
extent of reaction would simply be [1-7, 11] 

I f *  ]ph = (Va -- lta)RT ,'~ v.RTU~/c 3 �9 (10) 

At low extents of reaction, the situation would 
be different in that all junctions would be effec- 
tively trifunctional. The modulus in the phantom 
limit would then be 

[ f * ]  = (1/3)3vRTu2/c3 - -  v R r u  2 / 3  . (11) 

This means that the increase in the modulus from 
the increased number of chains is exactly offset by 
the decrease in functionality, and the result is the 
same as that obtained by treating the network as 
a simple unimodal network with high functional- 
ity. These ideas concerning cross-link functional- 
ity in bimodal networks are considered more 
quantitatively elsewhere [23, 24]. 

Comparisons between experiment and the revised 
theory 

The experimental results analyzed are for high- 
functionality PDMS networks formed in the un- 
diluted state and having extents of reaction 
0.40 < Pvi < 0.95 (6). The results thus obtained 
are summarized in Table 1. The number of elasti- 
cally-active chains and other structural para- 
meters of the network were determined from Pvl, 
the fraction cos of extractable sol, and number- 
average molecular weight Mn of the e, co-divinyl 
PDMS using relationships presented elsewhere 
[2-6]. All the networks had q5 o = 43.9 (6). The 
effective functionality ~bL is given by [6, 11] 

qSL 2 =  0Pvi/r, (12) 

where 4~o is the (maximum) functionality of the 
end-linking molecule, and r the molar ratio of the 
Sill groups to the vinyl end groups. The number 
of junctions #, would be given by [3] 

/~, = (2/q~e)Va �9 (13) 

Neglected in analyses based on branching the- 
ory is the fact that such large numbers of network 
imperfections generated by the incompleteness of 
end-linking would act as diluent, even in the dry 
(unswollen) state [27]. As shown in Eq. (1), the 
defining relationship for [ f*  ]ph should include 
the factor u21/3, taking this into account, where 

vz is the volume fraction of elastically-active 
chains in the network (as calculated from branch- 
ing theory [3]). Hence, values of I f *  ]ph predicted 
by Eq. (4) would be 

I f*  ] = ~RTO2/c3 u2 a/3. (14) 

The reported experimental values of I f *  ]ph had 
been calculated without the factor u~- 1/3 described 
above. Effects of network imperfections on the 
elastomeric properties are discussed in greater 
detail elsewhere [28]. 

The quantity of primary interest in this treat- 
ment is the reduced force [ f * ]  given by Eq. 
(1) in the limit ~ ~ oe. For this purpose the 
Mooney-Rivlin representation [25, 26] 

I f * ]  = 2C1 + 2C2c~-1 (15) 

will be employed, with 2C1 approximating the 
reduced force in the limit 0~ ~ oo. According to 
theory, this constant may be approximately iden- 
tified with the reduced force [ f*  ]pb [8-17]. Al- 
though values of 2C 1 thus obtained slightly 
overestimate values of I f*  ]pd due to difficulties in 
the linear extrapolations to e ~ oe, the results 
should be suitable for the present purposes. The 
other constant 2C2 is ascribed to enhancement of 
the phantom modulus [f*]ph at small strains 
from constraints imposed on the junction fluc- 
tuations by neighboring network chains. In other 
words, it is a measure of the departure of the 
relationships obtained from those of the phantom 
network theory [8-10, 22]. 

Figure 2 presents values of 2C1 for all data 
points [6] (with different effective functionalities) 
as a function of vaRT ~ vRT.  The dashed line 
represents previous calculations based on Eq. (10) 
for a unimodal network with only the long chains 
taken into account. The solid line represents cal- 
culations of I-f*]ph based on the present ap- 
proach, which does take into account the short 
chains contributed by the end-linking molecules, 
according to Eq. (8). Excellent agreement between 
theory and experiment is seen to occur between 
the two bounds of this revised model (set by 
Eqs. (8) and (11)), when the bimodal nature of 
these high-functionality networks is taken into 
consideration. 

In a similar manner, the revised interpretation 
can explain reported values of 2C2 (and the more 
relevant ratio 2C2/2C1) not being as small as 
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expected [1-7]. Small values of 2C2 in this case 
require that junction fluctuations be suppressed at 
all elongations by copious chain-junction entangl- 
ing [-9-12]. Relevant here is the fact that the 
numerous short chains present in these bimodal 
networks are attached to junctions of functional- 
ity three (the smallest possible), and have de- 
creased interpenetration with other network 
chains because of their shortness [12, 13, 22]. As 
a result, the suppression of the fluctuations asso- 
ciated with the short chains will be much less than 
that associated with long chains previously 
thought to be simply attached to junctions of very 
high functionality. As discussed elsewhere, the 
Flory-Erman theory does, in fact, quantitatively 
predict that this should lead to higher values of 
2C2 and 2C2/2C1 [12, 13]. 

In order to characterize the effects of the net- 
work long chains, data [61 for the networks hav- 
ing Mn of 9900, 11100, 17100, 21600, and 
28 100 g mol - t  were analyzed in greater detail. 
The results are given in Table 1. The above equa- 
tions suggest that the quantity of primary interest 
is the ratio l'f* ]b/If* ]n of the value of the phan- 
tom modulus calculated on the assumption that 

these networks have a bimodal distribution of 
crosslink functionalities (Eq. (8)), to that cal- 
culated on the assumption that they are unimodal 
trifunctional ones (Eq. (10)). Figure 3 shows this 
ratio as identified with 2C1/vRT as a function of 
the molecular mass Mn(S) of the short segments 
along the end-linking molecule. Increase in the 
modulus corresponds to decreasing the lengths of 
the short chains, which would then increase the 
effective functionality sensed by the long chains, 
and increase [ f*  ]b/l'f* ]u toward its maximum 
value of 5/3 = 1.67. Although the data scatter 
somewhat, they definitely do show this trend. The 
transition towards the trifunctional unimodal 
limit discussed above is seen to occur at Mn(S) of 
about 100 g mol-  1. If the phantom modulus were 
independent of the chain-length distribution, this 
ratio should have remained equal to unity (as 
shown by the solid line). The data obtained at the 
higher value Mn = 28 100 g mol-  1 shows con- 
siderable scattering, which could be due to asso- 
ciated difficulties in obtaining true equilibrium 
values of a network having such a low degree 
of cross-linking [22,27]. Values of Mn(S) thus 
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obtained would correspond to short segments 
having about five bonds. In this regard, it is worth 
noting that the length of the short chains that was 
expected to give the maximum enhancement of 
properties of random bimodal networks was 
though to be fewer than six bonds [16, 17]. The 
networks become increasingly monofunctional as 
the functionality of both the long and short chains 
approaches three at M, (S)=  170, even though 
their chain-length distributions are certainly bi- 
modal. The interesting point here is the fact that 
regardless of the molecular mass M.  of the long 
chains, the ratio 2CI/vRT approaches (5/3) at 
higher degrees of crosslinking. The transition be- 
tween the two extremes of (5/3) and 1 is more 
pronounced at the smaller value of M,,  indicating 
a strong dependence on M, ,  and subsequently on 
the ratio M.(S)/M,. The agreement between the- 
ory and experiment when such very short chains 
are considered is seen to be remarkably good. 

This phenomenon is explored further in Fig. 4. 
The ratio F f*  ]b/1-f* 3, is represented as a func- 
tion of the pertinent ratio ? = M,(S)/M, of the 
short chains along the junction precursor to the 
long ones. Again, the same trends are preserved, 
with good consistency among all the data points. 
The bifunctional to monofunctional transition 
is seen to ensue at a value of ? = 0.007, with 
increased monofunctional behavior being ap- 
proached at a value of 0.015. Even though the values 
thus obtained seem to be small, it is apparent 
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Fig. 5. Values of the ratio I f *  ]b / [ f*  ] ,  as identified with 
2Cl/vRT as a function of y = Mn(S)/M.. The experimental 
points correspond to two sets of data for networks having 
M,  = 11,100 g tool-1. The open circles represent results ob- 
tained by Kirk et al. [6], and the filled circles those by 
Meyers et al. [2], as described in the text 

that all network chains appear to be monofunc- 
tional as the functionality approaches three, at 
least to some extent. This suggests that beyond 
a certain value of the ratio of chain lengths in 
a bimodal distribution, the polydispersity of the 
chain lengths has only a negligible effect on the 
network's elastomeric properties. 

The ratio [ f*  ]b/F f* ]u for the networks having 
Mn = 11 100 g mo1-1 is shown plotted against 
7 in Fig. 5. The data were obtained from two 
different reports in the literature I-2, 6]. The first 
set of results (shown as filled circles) are for net- 
works that were intentionally prepared so as to 
have higher extents of reactions, Pvi [21. The re- 
sulting values of this ratio are seen to be very close 
to (5/3) for the networks that inadvertently have 
low values of Mn(S) (corresponding to higher 
values of the extent of reaction). The ratio de- 
creases with increase in Mn(S), approaching unity 
in the limit of low extents of reaction (Pvi ~ 0.40). 
As expected, examination of the data [6] analyzed 
in Table 1 shows that at Pvi > 0.9, q5 L is nearly 35, 
while at Pvi ~ 0.5, q~L it is around 11. In other 
words, the effective value of M ,  between cross 
links increases approximately three-fold as Pvl 
goes from 0.40 to 0.95. 

The effects of the extent of reaction are demon- 
strated further in Fig, 6. The ratio F f*  ]b/If* ]u 
is shown as a function of 7 = M,(S)/Mu for 
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Fig. 6. Values of the ratio [ f *  ]b / [ f*  ]u as identified with 
2C1/vRT as a function of y = Mn(S)/M.. The experimental 
points were obtained by Meyers et al. [2] for high functional- 
ity networks intentionally prepared with high extents of 
reaction, as described in the text 

networks that were intentionally prepared so as to 
have high extents of reaction. The data [2] cover 
a wide range in the degree of cross linking and 
cross-link functionality. Once again, the ratio is 
seen to have a value very close to 5/3 for the 
networks that have low values of Mn(S) (corres- 
ponding to higher values of the extent of reaction). 
In this connection, it is worth noting that the 
chains coming from the end-linking molecules in 
such networks would be so short that high elon- 
gations could extend them to the extent that the 
molecules act like "point" junctions of high 
functionality. Thus far, the results do support 
the existence of bimodal distributions of cross- 
link functionalities (q5 s = 3 and q~L > 8) and 
chain lengths at relatively small values of the 
ratio 7. 

As would be expected, values of [f*]b/[f* ]u 
exhibit the same trend when plotted against the 
extent of reaction Pvi, as shown in Fig. 7. This 
suggests that such behavior can be an important 
characteristic of elastomeric networks in general. 
These basic effects are the subject of theories re- 
cently developed for regular bimodal networks by 
Kloczkowski et al. [23] and by Higgs and Ball 
[24]. 

The present authors have also interpreted the 
elastomeric behavior of polysulfidically-cross- 
linked networks with the methodology used here 
[14]. In that study, however, changes in the front 
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Fig. 7. Values of the ratio [f* ]b/[f* ]u as identified with 
2C1/vRT as a function of the extent of the end-linking reac- 
tion. See legend of Fig. 3 

factor A4 were found to be exactly offset by 
changes in v resulting from the counting of the 
short chains, as the long chains decreased in 
length. In the present study, however, the two 
effects are readily separable, because of the much 
higher values of qS. This makes the high-function- 
ality PDMS elastomers particularly important for 
understanding the dependence of rubber like elas- 
ticity on junction functionality and on network 
chain-length distribution. 

In sum, the results thus presented suggest 
strong dependence of the observed values of the 
phantom modulus (as identified by 2C1) on the 
network chain-length distribution. Recent theor- 
etical treatments, however, ignore the connect- 
ivity of the very short chains to the long ones in 
order to preserve the cycle rank of the network 
[23,24]. At higher values of Mn(S), however, 
values of 2C 1 approach those predicted by the 
network connectivity. In any case, the results 
clearly elucidate how the effective functionality of 
the long chains is dependent on the length of the 
short chains in a bimodal distribution. As such, 
consideration of the connectivity of the very short 
chains violates the connectivity requirement of 
preserving the cycle rank. However, the results are 
in agreement with our previous assumptions that 
take into account the connectivity of the very 
short chains to the long ones in what would essen- 
tially be a bimodal network. A preliminary at- 
tempt to bridge theory with experiment by one of 
the authors (EA) is presented in the Appendix. 
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Appendix 

Elastomeric properties of regular bimodal networks 
at very small values of the ratio of lengths of short 
and long chains 

Kloczkowski, Mark, and Erman (KME) [23] 
recently developed a molecular theory of junction 
fluctuations of chain dimensions in regular bi- 
modal  networks. In the present investigation, 
their theory is employed to explain the anomalous 
elastic behavior (described above) which was ob- 
served at very small values of the ratio 
7 = M,(S)/M, of the short chains along the junc- 
tion precursor molecule to the long ones. For this 
purpose, our starting point will be the unimodal 
network corresponding to 7 = 0, rather than the 
regular bimodal network at 0 < 7 < 1, as sugges- 
ted by KME [23]. (We use 7 throughout  this text 
instead of ~ used by K ME in order to avoid 
confusion with the cycle rank of the network, 
usually denoted by ~). As 7 increases, the network 
becomes increasingly bimodal and presumably 
again becomes unimodal at ~ = 1. Throughout  
this transition, it is obvious that the long network 
chains would sense a decrease in the functionality 
of the junctions at their ends as 7 increased. 

The preceding statements will be elaborated 
upon for networks having high-functionality cross 
links (~b > 8). Such a network is, in effect, 
equivalent to an $2L1 network, where at each 
cross-link point along the end-linking molecule, 
the number of short chains is Os = 2 and the 
number of the long chains is qSe = 1112, 13,29]. 
Thus, at 7 = 0, the network is undoubtedly unim- 
odal and would presumably have q~e > 8, as illus- 
trated in part (a) of Fig. 1. As 7 increases, the 
end-linking molecule would act as a sequence of 
trifunctional junctions with ~bL = 1 and ~bs = 2. 
Thus the "effective" number of long chains 4)L of 
the long chains changes continuously, and finally 
becomes unity (presumably at 7 = 1). As illus- 
trated in part (b) of Fig. 1, at very small values of 
7, the entire end-linking molecule now acts as one 
junction of very high functionality. It is to be 
noted that the junction functionality sensed by 
short chains is always three. As was described 
above, there is now a bimodal distribution of 
cross-link functionality, as well as of network 
chain length. In order to simplify calculations, we 
assume a linear dependence of the "effective" 

number of long chains ~bL,o (emanating from 
a junction) on 7 of the form 

q~L,e = q~o -- aT, (A-l) 

where ~bo is the functionality of the long chains at 
7 = 0, and a is a constant that can be determined 
from experiment. It is worth mentioning that this 
expression will result in fractional values of the 
"effective" functionalities sensed by the long 
chains, and an increase with increase in 7. 

The results presented in Fig. 4 clearly suggest 
that a transition occurs at very small values of 
7 (cf. < 0.015) between the bimodal multifunc- 
tional limit toward what would appear to be a bi- 
modal trifunctional network. However, such an 
unusual connectivity of the short chains to the 
rest of the network at such a small value of 7 re- 
sults in a bimodal distribution of chain lengths. 
Therefore, at 7 = 0.015, 4~L,e = 1 and q5 s = 2. As- 
suming 4)o = 100, the value of the constant a ob- 
tained in the preceding equation would be 6600. 
According to the theory of Kloczkowski, Mark, 
and Erman [23] Eqs. (35-b) and (39) in their 
model would be expressed as 

1 
A = y~,bL,/(7~bL,e + 2 -- 1 _ ?B ) (a-z) 

7 B 

(TB)3(q~L,e - -  1) - (TB)2[(~bi,~ - 3) 

+ 7qSL,e(q~L,~ -- 2)] -- (TB)[(~,be,e + 3) 

"q- 7(~/)2,e -~- 2q~L,e)] -Jr ((~L,e q- 1) 

= 0 0 < Y < 0.015 (A-3) 

Values of the front factor Ao = ( 1 -  2/q~) 
(where the "effective" functionality q~r = qSL,o + 
qSs) were obtained through iterative calculations 
based on Eq. (A-3) at different values of 7 (employ- 
ing Eqs. (A-l) and (35-b), (45), (46), and (62) in the 
model of KME [23]). It has been suggested in the 
text that the quantity of primary interest is the 
ratio I f*  ] b / [ f * ] ,  of the value of the phantom 
modulus calculated on the assumption that these 
networks have a bimodal distribution of cross- 
link functionalities (Eq. (9)), to that calculated on 
the assumption that they are unimodal trifunc- 
tional ones (Eqs. (3) and (5)). Figure A1 shows the 
effect of 7 on this ratio (as given by 
(1 -- 2/qbe)/0.333 , where 0.333 corresponds to the 
front factor of a unimodal trifunctional network). 
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Fig. A-I. Calculated values of the ratio [ f*  ]b/[J* ], as 
a function of the ratio 7 = Mn(S)/M, of the molecular masses 
of the short segments along the junction precursor to the long 
chains. The results were obtained in accordance with 
the theory of Kloczkowski et al. [23], as described in the 
Appendix 

The results are in qualitative agreement  with the 
experimental  results illustrated in Fig. 4, and 
show an increase in the ratio I f *  ] b / I f *  ]u toward  
its m a x i m u m  value of 1.67, at very small values 
of 3'. 

Similarly, for the $1L3 network,  qSL,e = 6 -- a3'. 
Assuming that  the elastic behavior  of a tetrafunc- 
tional b imodal  ne twork  is reached at 7 = 0.02, the 
value of a so obtained would be 150. Equat ion  
(39) in K M E  [23] will reduce to a second-order  
equation. Hence, for S1L~(j = 2, 3, . . .  ) networks,  
it follows that  

7B = { -- [1 -- yqSL,e(~bL,~ -- 2)] 

+ { [ 1  - -  2qSL,o(~bL. - -  2 ) ]  2 

2 1/2 2 + 4(q5i., - 1)(~L,r + 3,~bi~,r }/ (@L,e - 1) 

(A-4) 

Values of [f* ]b/[f* ], calculated in the same 
manner  approach  a m a x i m u m  of 1.25, as illus- 
trated in Fig. A-1. Such a value is in agreement  
with experiment  E29].A value of 1.2 is obtained for 
the S1L 4 network,  in agreement  with calculations 
based on structural  considerat ions and the con- 
nectivity of the short  chains to the long ones. [29]. 

In the case of the a l L  2 network,  qSs = 1 and 
q5 L = 2. At 3' = 0, the "effective" number  of the 
long chains qSL,e would be expressed by 

(J~L,e = 4 - aT. As 3' increases f rom zero, 
q~L,e would change gradually from 4 to 2. There is 
now growing experimental  evidence that  the 
transit ion for natural  rubber  networks between 
the mult ifunctional  b imodal  behavior to the 
trifunctional b imodal  limit occurs in the vicinity 
7 ~ 0.1 [14]. The  results are demonst ra ted  in Fig. 
A-1. It  is noted that  the max imum value of 
I f *  ]b / I f*  ]u calculated is 1.5, as opposed to the 
value 1.33 predicted on the basis of structural 
considerations and the connectivity of the short  
chains to the long ones [14]. 

It is apparent  that  when the "effective" func- 
tionality of the long chains at very small values of 
3' is taken into consideration, the results agree 
with experimental  observations, at least qualitat- 
ively. However,  these calculations are far f rom 
rigorous in that  the parameter  a is little more  than 
an experimental  correlation factor. The K M E  the- 
ory has the advantage of being comprehensive 
and much  more  molecular  in concept. 
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